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ABSTRACT

In general, the cosmological redshift of an object changes with time, a phenomenon known as redshift drift. Although long

known theoretically, recently interest has been renewed because of the possibility of measuring it on a reasonable time-scale.

Strong gravitational lensing offers a possibility to measure it on a much shorter time-scale, by making use of a time delay of n

years rather than making observations separated by n years, but, perhaps at least in part because of the expectation that the signal

would be swamped by a larger change in redshift due to transverse motion of the lens, that has not attracted much interest. I

present a method to extract the small signal, making use of the fact that the light-travel time through different parts of an Einstein

ring is the same (and hence the difference in redshift due to redshift drift vanishes), thus enabling the measurement of redshift

drift on a much shorter time-scale, and show how that can help in the measurement of the distribution of (dark) matter.
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1 INTRODUCTION

Redshift drift, the change in the redshift z with time, is interesting

for several reasons, such as a consistency check for standard cosmo-

logy (many alternative explanations for the cosmological redshift do

not predict redshift drift), a method of determining cosmological pa-

rameters independently of corrections for evolutionary effects, and,

as discussed below, a shortcut to using strong–gravitational-lens sys-

tems to map the distribution of (dark) matter. Long considered too

small to be observable on interesting time-scales, recent develop-

ments have changed the situation, and there have been several fea-

sibility studies on the topic, also considering variations of the basic

idea (e.g. Esteves et al. 2021, and references therein).

The plan of this paper is as follows. After briefly discussing the

history of the theory of redshift drift, I discuss its use in strong–

gravitational-lens systems before mentioning future prospects after

my summary and conclusions.

2 THEORY

For a homogeneous and isotropic (‘Robertson–Walker’) universe

consisting of non-relativistic matter (‘dust’) of density ρ and the

cosmological constant Λ (with dimension time−2)1, the change in

scale factor with time is described by the Friedmann equation

Ṙ2 =
8πGρR2

3
+

ΛR2

3
−kc2 , (1)

⋆ Email: helbig@astro.multivax.de
1 Such models are often known as Friedmann–Robertson–Walker (FRW)

models (Friedmann 1922, 1924; Robertson 1935, 1936; Walker 1935, 1937,

the latter paper by Walker is very often incorrectly cited as having been pub-

lished in 1936).

with the dimensionless constant k equal to −1, 0, +1 depending on

spatial curvature (negative, vanishing, or positive, respectively); R

is the scale factor (with dimension length) of the universe, G the

gravitational constant, and c the speed of light. It is useful to define

the following terms:

H := Ṙ
R

λ := Λ
3H2

Ω := ρ
ρcrit

≡
8πGρ
3H2

K := Ω+λ −1

k := sign(K)

q := −R̈R
Ṙ2 ≡ −R̈

RH2 ≡ Ω
2 −λ

.

The Hubble constant H has the dimension time−1; all other quanti-

ties defined above are dimensionless: the normalized cosmological

constant λ , the density parameter Ω, the curvature parameter K, and

the deceleration parameter q. ρcrit is known as the critical density.

The basic cosmological observable is the redshift z, which is re-

lated to the scale factor:

z :=
R0

R
−1 . (2)

In general, like the other parameters defined above except k, R is a

function of time; the subscript 0 denotes the present time. For most

applications, the time-scale of the expansion of the Universe is so

long compared to the intervals between observations that both R (the

time of emission of the radiation which is observed with redshift

z) and R0 (the time of observation) can be regarded as constant. In

general, however, an observation at time tA will measure a redshift

zA :=
RA

R1
−1 (3)

while one at tB will measure a redshift

zB :=
RB

R2
−1 , (4)
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where t1 < t2 ≪ tA < tB (the current time considered to be the latest

time, i.e., t increases with increasing R as the Universe expands).

In other words, tA − t2 ≫ t2 − t1 and tA − t2 ≫ tB − tA. In general,

zA 6= zB.

Although implicitly clear from the earliest days of relativistic cos-

mology (e.g. Friedmann 1922, 1924; Lemaı̂tre 1927, 1931), redshift

drift was first discussed explicitly by Sandage (1962) for the λ = 0

cases (all possible values of k) and also for the steady-state model

(still a viable model at the time). An appendix by McVittie (1962)

to that paper expands the discussion to non-zero values of λ , ob-

taining a general expression for the instantaneous change in z at the

present time in terms of σ0 (σ = Ω/2) and q0, which are parame-

ters in common use at the time (e.g. Stabell & Refsdal 1966). Lake

(1981) generalizes the discussion to include radiation (found to be

unimportant) as well as dust2, noting that a measurement involving

absorption lines in QSO spectra might be feasible in the (then) not

too distant future. He also gives an overview of the literature at that

time. Lake (2007) returned to the topic almost thirty years later, ex-

ploring the basic equation

ż = H0

(

1+ z−
H(z)

H0

)

= H0Z(z) , (5)

which is simple, but also very general, applicable to any H(z), and

can thus include components with various equations of state, pos-

sibly varying with time. For models with dust, a cosmological con-

stant, both, or neither,

H(z) = H0

√

Ω0(1+ z)3 −K0(1+ z)2 +λ0 . (6)

Eq. (5) is sufficient for many purposes; most recent literature

is more concerned with applications (e.g. Balbi & Quercellini

2007; Zhang et al. 2007; Quartin & Amendola 2010). The paper by

Sandage (1962) has, at the time of writing, 263 citations according to

ADS, 19 before 2006 and 244 since then. Interestingly, it is not cited

by Loeb (1998), who revived interest in the topic when it became

clear that a measurement might be feasible soon. Now, a precision

of the order of 1 cm/s is possible (e.g. Li et al. 2008) and such mea-

surements are one reason for building high-resolution spectrographs

for extremely large telescopes (see e.g. Liske et al. 2008, for a sur-

vey of the literature and overview of future prospects).

Redshift drift is a particular case of real-time cosmology (e.g.

Quercellini et al. 2012, and references therein). Apart from measur-

ing the redshift drift per se, it is also possible to measure the relative

drift between two unrelated sources at different cosmological red-

shifts (e.g. Cooke 2019).

3 STRONG GRAVITATIONAL LENSING

A common definition, and the one used here, for strong gravitational

lensing is a gravitational-lens system in which there is more than one

image of each source. Of course, like other objects at cosmological

distances, the redshift drift should be detectable in such images, but

such systems offer more possibilities due to the fact that the light-

travel time is in general different for different images. For example,

a system such as Supernova Refsdal (Kelly et al. 2015)3 with one

clearly defined time of emission (the explosion of the supernova)

2 As noted by Lake (1981), similar results had been obtained by Rüdiger

(1980).
3 Note that, in a series of papers, Refsdal (1964a,b, 1966a,b, 1970) essen-

tially single-handedly founded the modern field of gravitational lensing.

but different times of observation, separated by a year or so, offers

a variant on the conventional redshift-drift scenario. However, con-

sidering that the time delay between the images is known, the differ-

ence between the redshifts of the images depending on the time the

explosion is seen serves mainly as a consistency check for our un-

derstanding of cosmology, though of course as with other measure-

ments a combination of cosmological parameters can be measured.

More interesting is perhaps the conventional idea of a

gravitational-lens system, where one observes several images at a

given time which, due to the difference in light-travel time, corre-

spond to different times of emission (though the different times of

emission normally play no role). By measuring the difference in red-

shift between two images, one effectively measures the time delay

even if the object is not variable or the time delay is hundreds or

thousands of years, and does so of course within a much shorter

time (see also Kim et al. 2015, regarding strongly lensed quasars).

Lensing by clusters rather than individual galaxies is more interest-

ing in that regard, as the redshift difference in the case of a single

lensing galaxy is much smaller, and if the source is variable the time

delay could be measured via conventional means. For the typical ve-

locity dispersion of a rich cluster (1000–1500 km s−1), the typical

time delay (which of course depends on the exact configuration) is

in the range of several hundred to a few thousand years. Loeb (1998),

however, pointed out that, in practice, that might not be possible, be-

cause in general a gravitational lens will have a velocity component

perpendicular to the observer, which will lead to a difference in red-

shift between the images of the lensed source (Birkinshaw & Gull

1983) which in general is larger than that due to redshift drift; for

a velocity of 300 km s−1 and a separation of 20 arcsec, the differ-

ence in redshift is about 1×10−7, corresponding to about 30 m s−1

(Wang, Bolejko & Lewis 2022) (see also Wucknitz, Spitler & Pen

2021), about an order of magnitude larger than the difference due

to redshift drift (Wang et al. 2022). Peculiar velocities and peculiar

accelerations due to cosmological perturbations, i.e. taking into ac-

count the fact that the Universe is not perfectly smooth, however, are

not a significant source of uncertainty, being less than 1 per cent of

the drift signal (e.g. Uzan, Bernardeau & Mellier 2008).

In addition to multiple images of background sources, many

strong–gravitational-lens systems include at least a partial Einstein

ring, the ring-shaped image of the source occurring when there is a

(nearly) perfect alignment of source, lens, and observer; since such

a situation is axially symmetric, there is a ring instead of multiple

images. Due to symmetry, the light-travel time between source and

observer is the same for all portions of the ring. There is therefore

no redshift-drift effect between different portions of the ring. Any

redshift difference must be due to the moving-lens effect.4 Thus,

by measuring such a difference, one could determine the trans-

verse velocity of the lens and thus calculate the expected redshift

difference between a pair of images of a background source due

to the moving-lens effect. Subtracting this difference from the ob-

served difference then gives the difference due to the redshift drift.5

Wucknitz et al. (2021) discuss a similar scheme involving a quadru-

ply imaged source rather than an Einstein ring; Wang et al. (2022)

point out the advantage of having more than one lensed source to

correct for the same effect.

Unfortunately, the relevant quantity is the relative velocity of

4 Or to smaller, higher-order effects not considered here (e.g. Wucknitz et al.

2021; Wang et al. 2022).
5 Of course, the measurement of the transverse velocities of galaxy clusters

is interesting in itself.
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source, lens, and observer. In general, different sources will have

different transverse velocities. Thus, to use the method as described

above, the Einstein ring and the multiple images used to measure a

difference in redshift and hence time delay must be from the same

source, which is possible in a more complicated lens system. Thus,

the number of systems in which this method can be used is reduced,

but, considering planned surveys which will find many lens systems,

hopefully not to zero.

Another approach is to make use of the fact that there can be more

than one source which is multiply imaged. Wang et al. (2022) have

shown that if one has ten or more sources then it is possible to re-

move the signal due to the transverse velocity (see their fig. 4), con-

cluding that ‘the effects of peculiar velocity are either negligible or

can be subtracted with sufficient precision’.

Another caveat is that in the case of a multiply imaged source or

Einstein ring one will see the source from slightly different angles; in

the former case in general also at slightly different times. Although

the sources are complex objects with internal dynamics and so on,

even on time-scales of hundreds of years, at least for galaxies [as

opposed to active galactic nuclei (AGN)], one would not expect the

redshift (measured over the entire object, not just a part of it) to

change appreciably. Since the angles involved are small, less than

1 arcmin, and again considering that one measures the redshift inte-

grated over the entire source, the slightly different line of sight will

probably not lead to an appreciable difference in redshift.

Of course, the method can work only if there is sufficiently high

spectral resolution (which is within the reach of instruments planned

or being built now), but also sufficiently sharp spectral features.

Wang et al. (2022) give an example of a cluster lens (velocity disper-

sion 1500 km/s, zl = 0.4, zs = 4 and eccentricity parameter ε = 0.6)

with ∆z = 2.67×10−8 , corresponding to a wavelength difference of

∆λ = 4.45×10−5 Å. Thus, one might need an AGN (for the sharp

emission lines) for the source, but in that case the precision is within

the reach of next-generation optical telescopes (and similar precision

should be possible in the radio (Lu et al. 2022).)

This topic is relatively new. Hopefully further investigation will

remove any showstoppers (in the negative meaning of the word).

Note that Sandage (1962) was rather pessimistic (about improve-

ments in observational techniques, not about the future of humanity):

‘. . . a precision redshift catalogue must be stored away for the order

of 107 years . . . ’ and ‘. . . data for extragalactic astronomy must be

collected from ancient literature.’

Traditionally, measurement of the time delay has been used to

scale a dimensionless model of a gravitational-lens system which al-

lows one to infer the Hubble constant (Refsdal 1964b) and/or other

cosmological parameters (Refsdal 1966a), given a lens model. How-

ever, despite the current ‘Hubble tension’, the Hubble constant is

probably already known to a precision greater than that measurable

via gravitational-lens time delays, and the precision of the values of

of Ω0 and λ0 is even more certain (e.g. Planck Collaboration 2020).

It is thus perhaps more interesting to take the cosmological parame-

ters as given and use measured time delays to constrain mass models

for strong–gravitational-lens systems and thus determine the distri-

bution of (dark) matter in such systems. The method discussed above

allows one to determine such time delays even if the source is not

variable and/or if the time delay is too long to be measured by con-

ventional methods (in fact, the longer the delay, the easier it is to

infer via the redshift-drift technique).

A cluster lens can have a large number of multiply imaged sources

and hence differences in light-travel time. By using all of them, the

mass model can be constrained much better than by using only those

with measurable time delays (which depend on the source being

variable and the time delays reasonably short). Of course, one must

know which observed images map to the same source. An approxi-

mate model (to be refined via the relative time delays) could help, but

more practical would be to measure the redshift of all background

sources. The difference in redshift due to redshift drift between two

images of the same source will almost always be much smaller than

the difference in the conventional cosmological redshift between dif-

ferent sources, making it obvious which images correspond to the

same source.

Wucknitz et al. (2021) discuss similar ideas in the context of fast

radio bursts. In their particularly thorough paper, they also give a

good overview of the theory involved and how various effects can

be differently interpreted and disentangled.

For completeness, I note that it is in principle possible

to measure the change in the redshift difference, as well

as changes in image positions, distortions, and amplifications;

also, a pair of images could suddenly (dis)appear if located

close to a moving caustic (e.g. Broadhurst & Oliver 1991;

Martins et al. 2016; Piattella & Giani 2017; Korzyński & Kopiński

2018; Wucknitz et al. 2021; Covone & Sereno 2022). The difference

itself corresponds to the time delay; the change in the difference

corresponds to the change in the time delay. Such a change can be

caused by the change in the distances involved (which depend on

the changing redshift) or by transverse motion of the lens relative to

the source and observer so that the time delay changes because the

corresponding mass distribution affecting the time delay changes;

the latter is important in cases in which a short time delay is mea-

sured (presumably by conventional means) then later the time delay

is measured again (Zitrin & Eichler 2018).

4 SUMMARY, CONCLUSIONS, AND OUTLOOK

Measuring the change of cosmological redshift on a time-scale of a

few years is now within reach. Exploiting strong–gravitational-lens

time delays, and using an Einstein ring to correct for the change in

redshift due to the moving-lens effect, such a measurement can be

done within a very short time, the change in time being supplied

by the time delay rather than waiting for years between observa-

tions. Apart from being a model-independent consistency check on

standard cosmology, such a technique allows the measurement of

time delays much longer than can be measured in the conventional

manner and/or for non-variable sources; such information can help

constrain models of strong–gravitational-lens systems and thus give

information about the distribution of (dark) matter. Measuring such

redshift differences for known systems with multiple images, and

for new ones as they are found, offers an efficient method of signif-

icantly improving lens models; the information about the transverse

velocity of the (galaxy-cluster) lenses is also useful in its own right.

NOTE

After the draft of this paper had been written, I became aware of the

papers by Wucknitz et al. (2021) and Wang et al. (2022), which have

much overlap with the present paper. I have left the text essentially

the same as in the original draft, amending it to include additional

points discussed by Wucknitz et al. (2021) and Wang et al. (2022)

which are relevant to this paper (and of course citing them in the

relevant passages). There is of course much overlap regarding the

basic idea (and historians might want to investigate why three papers

MNRAS 000, 1–4 (2022)
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on the same topic appeared independently within such a short time),

and of course I acknowledge their priority in that respect.

My emphasis is on known strong–gravitational-lens systems with

longer time delays and/or with non-variable sources, the time delays

themselves rather than their change in time, the use of the Einstein

ring to correct for the moving-lens effect, the possibility to constrain

the mass model from the measured redshift differences, and using

the redshifts to match images to a source.
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Korzyński M., Kopiński J., 2018, JCAP, 3, 12

Lake K., 1981, ApJ, 247, 17

Lake K., 2007, Phys. Rev. D, 76, 063508

Lemaı̂tre G. H. J. E., 1927, Ann. Soc. Sci. Brux., 47, 49

Lemaı̂tre G. H. J. E., 1931, MNRAS, 91, 483

Li C.-H., et al., 2008, Nature, 452, 610

Liske J., et al., 2008, MNRAS, 386, 1192

Loeb A., 1998, ApJ, 499, L111

Lu C.-Z., Jiao K., Zhang T., Zhang T.-J., Zhu M., 2022, Phys. Dark Univ.,

37, 101088

Martins C. J. A. P., Martinelli M., Calabrese E., Ramos M. P. L. P., 2016,

Phys. Rev. D, 94, 043001

McVittie G. C., 1962, ApJ, 136, 334

Piattella O. F., Giani L., 2017, Phys. Rev. D, 95, 101301

Planck Collaboration 2020, A&A, 641, A6

Quartin M., Amendola L., 2010, Phys. Rev. D, 81, 043522

Quercellini C., Amendola L., Balbi A., Cabella P., Quartin M., 2012,

Phys. Rep., 521, 95

Refsdal S., 1964a, MNRAS, 128, 295

Refsdal S., 1964b, MNRAS, 128, 307

Refsdal S., 1966a, MNRAS, 132, 101

Refsdal S., 1966b, MNRAS, 134, 315

Refsdal S., 1970, ApJ, 159, 357

Robertson H. P., 1935, ApJ, 82, 284

Robertson H. P., 1936, ApJ, 83, 187
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